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Denote by A a set of x different natural numbers. The following two results are 
obtained: 
(1) For sufficiently large n and A c [l, 3x - 31 there exists a subset B c A 
such that for some 1~ Z 
C a, = 2’: 
(I,EB 
(2) For sufficiently large x and A c [ 1,4x - 43 there exists a subset B c A 
such that xn,t8al is a square-free number. fT’> 1990 Academic Press, Inc. 
Denote by A a set of x natural numbers: A c N, (Al =x, A = 
i a,, u2, . ..) a,}, 1 <a, <a*... <a,. 
Some time ago two similar problems were raised by Erdiis an Freud 
(see Cll). 
I. Let a, d 3x - 3. Prove that there exists a subset B c A such that 
for some 1 E b 
23 ai = 2’. (1) 
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II. Let a, < 4x-4. Prove that there exists a subset BC A such that 
c a, E B ai is a square-free number. 
If we take only x - 1 numbers ai in the given intervals, both statements 
cease to be true. In the former case the sum of any numbers of the set 
(3, 6, . . . . 3x - 3) is divisible by 3 and so is not a power of two. In the latter 
case the sum of any numbers of the set (4, 8, . . . . 4x - 4) is divisible by 4 
and so is not square-free. 
In this paper we prove both of these assertions for x sufficiently large. 
For each BcN and qEtV, qa2, let 
B(s,q)= {x:x~B,xrs(modq)}. (2) 
Cl, C2Y.. denote fixed positive (large) numbers. 
Cl 3 c2, ... denote fixed positive (small) numbers. 
Let Z= Z(N) be the number of solutions of the equation 
x,+x2+ ... +x,=N, (3) 
where xi take values from A. 
Let Q = Q(N) be the number of solutions of Eq. (3) such that all xi are 
different, i.e., xi # xi for i #j. 
Denote 
M= 
a, + a2 + . . . + a, 
2 
X 
D=i ,f af-M2. 
r=l 
(4) 
(5) 
THEOREM I. Let 
a,< C,x. (6) 
Suppose that for some cl, where cl does not depend on x, we have 
l4& 411 < (1 - c,b (7) 
for each s and q. Then there exist C2, C,, C, such that, for x > C,, each 
number NE N for which 
x3/2 
C3xlogx<N<C4- 
log x (8) 
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can be represented in the form 
N= 1 ai, 
LI,E B 
where Bc A. 
THEOREM II. Let conditions (6) and (7) of Theorem I hold. Let 
.ylP 
C,logx<n<C,- 
log x 
(9) 
(10) 
and 
Mn-C,x&<N<Mn+C,x&. (11) 
C5 in (10) is a sufficiently large number; C,, C,, C, are any fixed numbers. 
Then 
‘--f&e -w-NW,D+ o __ 
( ) $’ 
I. (12) 
Proof of Theorem II. By (4), (5), and condition (6), 
MXX 
and 
D x x2. 
We have 
I 
1 
z=xn qY(~l)e--~~~~~ dcr, o 
where 
(13) 
(14) 
(15) 
p(a) = i C e2ni’u. 
UEA 
Choose a sufficiently large number C, E N and define 
L=C,x. (16) 
For each number c1 such that 0 < c1< 1 we have the representation 
&+z, (P, 4) = 1, ldq<L, 
1 
4 
IZI G-. 
qL 
(17) 
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We have by (6) and (17) 
We can represent (p(p/q) in the form 
where m, is the number of solutions of a congruence 
pa, z s(mod q). 
Consider three different cases, according to the value of q. 
1. q>c,x. 
In this case m,< 1. Then 
For an arbitrarily small E > 0 we have 
d9 -< 4ClX 
sin n/q sin(n/C, x) 
cl+&, 
if x > C2, where C2 is a sufficiently large positive number. 
Using (16) we obtain 
sin(rcx/q) < sin(xx/C,x) = sin(n/C,) 
49 nx/C, x W9 
(18) 
(19) 
(20) 
(21) 
(22) 
and choosing suhiciently small E we obtain from (21) and (22) 
I 01 q < 
sin(=h) 49 < sin(rc/C,) 
W9 W~nld 
n,C, (1 +g)<c2< 1. (23) 
2. 1 <q<3c,. 
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Using condition (7) we estimate 
I 01 
cp p <1 IX--++p’qI, 
4 x 
where c,x<b<(l -cl)x and 
<~l-cc,+c,e2~~‘~~ 
= I1 -2c, +c,(l +Py[ Q 1-2c, +c, /l +t?*y 
= 1 - 2c, + 2c, cos n 
4 
=1-4c,sin2?C<l-4c,sin2-&=c,<1. 
2q 1 
(24) 
3. 3c, <q< c,x. 
The number of integers ai E A from one class (mod q) does not exceed 
Denote 
C,X 
m= - +l. [ 1 (25) 4 
r= 5 [I m (26) 
and 
t=x-mmr. (27) 
It follows from (26) and (27) that mr > x/2, and therefore 
(28) 
BY (25), q>3C,, and x>C2, we obtain m/x=(l/x)[C,x/q]+(l/x)6 
(Cl/q) + (l/x) < l/2 and 
&>l. (29) 
6 ERD6S AND FREIMAN 
By (25) and q < C,x, 
CIX [ 1 2c,x m<2 - G- 9 9 * (30) 
By (26), (29), and (30), we obtain r > (x/m) - 1 < (x/2m) 2 (q/4C,) and 
therefore for q > Cl,,, where Cl0 is a sufficiently large number, we have 
sin( w/q) sin(7t/4C1) sin(rc/4C,) 
r sin(n/q)< (7r/4C,)(l -n2/6q2)< (7r/4C,)(l- (rr2/4C~,))<l’ (31) 
From (29) there follows the inequality r 2 2 and so we have for q 6 Cl0 
sinWd < WWd = cos 7~ < cos A < 1 
r sin(n/q) ’ 2 sin(rt/q) q’ Cl0 ’ 
It follows from (28), (31), and (32) that 
I 01 
cp f  <c,<l. 
(24) and (33) imply 
(32) 
(33) 
(34) 
where cg = max(c,, c,J. 
Using (18) we obtain from (34), for 2 <q < CIx, 
ko(a)l G v E IO1 + 2nC, l-c, l++<l -<c~+-=- 4 G 2 2 (35) 
for 2rtC,/C, < (1 - c,)/2 for Cg sufficiently large. 
In case q> C,x we have from (18) and (23), remembering that x > C2, 
272 l+c,<l 
-2+cg7- * (36) 
By (35), (36), and (lo), for sufficiently large CS and l/L < a < 1 - l/L, 
we have, putting cs = (1 + max(c2, c,))/2, 
(37) 
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It follows from (37) that 
s 1~ l/L Xn cpn(d-2niaN dcr=O(x”-2)=o (38) ~ l/L 
The integral in (15) over the interval (-l/L, + l/L) is transformed in 
the usual known way and (12) follows from (38). 
THEOREM III. Let all conditions of Theorem II hold. 
Then 
Q=z+o Xn-l. 
( ) A 
(39) 
Proof of Theorem III. If at least two of the unknowns in the solution 
of the Eq. (3) are equal to ai, we denote the number of such solutions by 
Qi. There are n(n - 1)/2 ways to choose a pair of unknowns. 
The number of solutions of the equation 
y1+y2+ ... +y,-,=N-2a,, 
where yj~ A, is O(X”-~/,~) n , according to Theorem II. We have to check 
that N- 2a, lies in the interval (1 l), which is true if we take C, and C, 
sufficiently large. We have to use also (14). Thus 
Q,=O n2Xn3 
( 1 J;;‘ 
It follows from (10) that 
iI Qi=O(J;;“;b;J 
which produces (39). 
Proof of Theorem 1. Apply Theorem III repeatedly for each n in the 
interval (10). We obtain a set of intervals (1 1 ), such that for every N in 
each of these intervals the assertion (9) of Theorem I holds. The union of 
all these intervals gives us the interval (8), which proves Theorem I. 
The set A for which condition (6) holds does not necessarily satisfy 
condition (7). Now we show that, for a large subset B of A, conditions (7) 
hold for large values of q. 
LEMMA. Let a set A satisfy condition (6). For any c, > 0 there exists 
B c A such that 
lBl>(l-CT) IAl; (40) 
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B belongs to some arithmetic progression, i.e., for some s,, and qO 2 2 we have 
bj = s,(mod q,,) for each bi E B, B = {b,, b,, . . . . b,}; and for some cl we have 
IB(s,g)ld(l-c,)y (41) 
for each s and q > go. 
Proof of Lemma. If condition (7) for A holds, the proof is over. 
Otherwise, there exist q 2 2 and integer s such that, for A I = A(s, q), we 
have IAll > (1 - ci) IAl. 
If condition (41) is not true for A, we can find AZ = A,(s,, ql), where 
qlql and l~~l~~~-~~~I~~l~~~-~1~21~l. 
Suppose that we have arrived at A,, = A,- r(s,- r, qn- r) such that n is a 
minimal number satisfying 
2”>2C,. (42) 
We have 
qn-1 22”. 
It follows from (6) and (43) that 
IA,4 +- 
n 1 
(44) 
However, (42) implies, n being minimal, 2” d 4C, and 
IA,/ > (1 - c,)” IAl > (1 - c1)(‘o~4c’)~(‘o~2) IAl = (1 - q)(‘“g4cl)~(‘0g2)x. (45) 
The number c1 can be chosen so small that (45) contradicts (44). Thus, 
condition (41) for A,, will be valid for some n, < n. We have for sulkiently 
small ci 
IA,,1 > (1 -cl)“” IAl > (1 - c,)(“‘~~=~)‘(‘~~~)x > (1 - q)x. 
The Lemma is proved. 
THEOREM IV. Suppose that for the set A condition (6) holds. 
Let B = A(s,, go) be the set we find applying the Lemma. 
Denote d = (so, q,,). 
Then there exist C9, C,,, C,, such that, for x > C9, each number NE fW 
for which 
NE O(mod d) (46) 
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and 
x3;2 
Clox log x < N < Ci, - 
log x 
can be represented in a form 
N= c a,, 
where D c B. 
Proof of Theorem IV. 
We have 
B= (bj: bj=s,+ tjqo}, j= 1, 2,. 
The equation 
zl + z2 + . . . + z, = N, 
where z, take values from B, and the equation 
u, +u2+ . . . +u,= 
N-s,n 
-=N, 
40 
. . 1  
(47) 
(48) 
Y. (49) 
(50) 
(51) 
are connected in such a way that to each solution bj,, bj2, . . . . bjn of (50) 
there corresponds a solution 
bj, - SO 6. --so tj, = 
40 ) 
tjz = L, . ..) t, =b/“-sO 
40 
I” 
40 
for (5 1) and vice versa. 
Denote T= {t,, t,, . . . . t.“}, where tj= (b, -sO)/qo. The condition N = 
s,n(mod q,,) is the necessary condition for solvability both for (50) and for 
(51). The set A satisfies condition (6); so does B, in view of (40); and then 
T satisfies condition (6) too. From (41), which is valid for B = A(s,, qo), it 
follows that condition (7) is valid for T. If we apply Theorem III to (51), 
where unknowns take values from T, then going back to (50) we obtain 
that for each N of the form N = son + N, q. we have 
N=bj,+bj,+ ... +bjn, b,E B=A(s,, qo). 
We have not yet mentioned that, if we want to apply Theorem III to (51) 
and T, condition (10) for n and (11) for N, have to be fulfilled. 
So let us take some N satisfying (46) and (47). The numbers n and N, 
are not even defined yet, and we will do it now. 
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Denote n, = [N/M,], where MI = (b, + b, + . . + b,)/y. Let 
n=n,+n,, (52) 
where we will determine n2 as a smallest non-negative number such that 
N-son E O(mod q,,) (53) 
and then from (52) and (53) 
SOn,= N- SOtzl 
d d 
We have (so/d, qo/d) = 1 and we can find 
O<n -c40 L 2 d 
satisfying this congruence. 
Define 
(54) 
N J-son 
1 -. 
90 
Nr is an integer by (53). 
From A4 , x y and by (40) we have 
Ml =: x. (55) 
From (47), (52), (54), and (55) we obtain that n= [N/M,] +nz lies in the 
interval (lo), constants Cs and C, suitably chosen. 
From (52) and (54) we obtain 
IN-M,nl= IN-M,n,-M,n,l d IN-MInII +M,nz=U(y) 
so 
M,n-C7y&<NcMln+C,yfi. 
Then from 
(MI - soIn 
40 
-2y&< N--~ou<(M~~os~)~+~ ye 
we obtain condition (11) for N, , 
M2n-C,, y&cN,<MZn+C~3y&, 
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where 
M,= 
t, + t, + ... + t, 
Y 
We have determined the numbers n and N, for which conditions (10) 
and (11) are fulfilled and Theorem III could be applied. Theorem IV is 
proved. 
Let us investigate now the problems mentioned at the beginning of the 
paper. The set A of problem I satisfies (6) for C1 = 3. Applying the Lemma 
we obtain a set B = A($,, qo) with q. < 3. 
If B = A then each N in (8) can be represented in a form (9). The interval 
(8) contains 2’ for some Z, since each interval [C, 2C) contains 2’ if C > 1. 
If q,, = 2 then by Theorem IV each even N in (8) can be represented in 
a form (9), which solves the problem, 2’ being even. 
If q. = 3 then by Theorem IV each N zz O(mod 3) in (8) can be repre- 
sented in a form (9). From a, < 3x - 3 we see that there exists at least one 
a, for which 31~~. Then each N-a,(mod 3) in (8) can be represented in a 
form (9). The interval (C,x log x + 3x, C,x312/(log x)) contains an interval 
[C, 4C) for some C > 1 and therefore there exists a natural number 1 such 
that the larger interval contains two numbers 2’ and 2’+ ‘, one of which is 
congruent to ui and so is representable in a form (9). 
The set A of problem II satisfies (6) for C, = 4. Applying the Lemma 
we obtain a set B,= A(s,, qo) with q. 6 4. Applying Theorem IV we obtain 
that all numbers NE O(mod q,,), where 1 6 q. 6 4 in (47), are representable 
in a form (48). If q. = 4, condition a, < 4x - 4 shows that there exists an 
ui such that 4fui. Then all numbers N=u,(mod 4) in (CrOx log x+4x, 
C,, x3’2/(log x)) are representable in form (9). 
We have proved that in one of the cases 
(a) N- O(mod 2) 
(b) N- O(mod 3) 
(c) NE u(mod 4), where a is some given number, a f O(mod 4) 
the number N in (C,,x log x+4x, C,, x312/(log x)) is representable in the 
form (9). 
Denote P = [ 1, z]. It is easy to show that the number of square-free 
numbers in P(so, q,,), q. d 4, if we will exclude the case s0 = 0, q. = 4, is 
3 5-i z+o(z). ( > 
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Applying this estimate to the cases (a), (b), (c) with 
z=[clqg] 
we see that there exists a square-free N in (ClOx log x + 4x, C,,x3”/(log x)) 
in each case (a), (b), or (c), and this N is representable in the form (9) 
The following further problems are perhaps of some interest: Let 
a, < a, < .. . be a sequence of natural numbers and let b, < b2 < . . . < 
b, <x a sequence for which all the subset sums xi= 1 qbi, .q = 0 or 1, are 
multiples of some of the a’s. Is it true that max t = [x/a,] for every 
a,<u,< ... be and x? Perhaps the case when every integer bi is a multiple 
of one of the u’s should be excluded. 
The following different problem also seems interesting: Let b, <b, < 
. . . < b, < x, with no sum C cibi a power of 2 (ai = 0 or 1) but not all the 
b’s multiples of the same prime. How large can max I be? [x/7] is possible 
by taking all multiples of 7 and an arbitrary integer = 3(mod 7). [x/6] is 
possible by taking all multiples of 6 and an arbitrary integer z l(mod 6). 
Perhaps the following question is more interesting: Suppose for every p 
the number of b’s which are not multiples of p tends to infinity as x tends 
to infinity. Perhaps in this case (l/x) &,, < x 1 + 0. 
Further again, assume that not all b’s are multiples of the same prime 
and assume that none of the subset sums C Eibi are square-free. How large 
can max t be? The example (9, 16,900t < x, t > 1 } shows that [x/900] is 
possible. 
What happens if (bi, bj) = 1 and none of the sums are square-free? 
Probably Cbi < x 1 is much smaller, but we had no time to investigate this. 
Also again assume that (bi, bj) = 1 and none of the sums 1 Eibi are squares. 
Is it true that &,cr 1 = o(x”~)? 
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